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ABSTRACT 

In order to investigate the effects of gear train backlash on the 

performance of second order servomechanisms, an automatic digital com

puter was utilized to obtain solutions of numero~s second order servo 

problems. Solutions were obtained for variations of motor and load 

inertias, motor and load frictions, combined system damping coefficient, 

and backlash angle, throughout the practical range of these parameters. 

The data generated by the digital computer solution has been analyzed 

and presented in graphical form for u;;e in estimating the performance 

of an arbitrary second order servo system with backlash. 

The program was conducted on the Control Data Corporation Model 

1604 Computer located at the U. S. Naval Postgraduate School, Honterey, 

California. 

The writers wish to express their appreciation for the assistance 

and encouragement given them by Professor George J. Thaler of the U. So 

Naval Postgraduate School. 
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Chapter I 

INTRODUCTION 

A servomechanism which is designed using linear theory rarely 

perforrr.s as estimated. The discrepancies betw-een design performance 

and actual performance are caused, in general , by certain non-line

arit ies which are inherent in all systems. Of the many non-line

arities which are found in servo systems, the one under investigation 

here is backlash. 

In a servo system, whenever torques are transmitted fro~ a motor 

to a load through a gear train, there will exist a certain arr~unt of 

backlash between the gears as sho~n on figure 1. Present day gear 

drives cannot transmit loads continuously without some backlash. If 

the gears are too closely m~shed they might bind, wear excessively, or 

introduce random torque variations appearing as noise. This is partic

ularly true cf gear trains which operate over wide temperature varia

tionso Backlash is often controlled so as to introduc~ a slight dither 

to a system to provide good lubrication to overcome stictional effects. 

It is generally kno~n that backlash in a servo system is 

destabilizingo However, the estimation of the effect of backlash on 

the transient response and the ultimate steady state operation of a 

system presents a very difficult problem. As soon as backlash is 

introduced into an otherwise linear system~ response is then dependent 

upon the division of inertia between motor and load, the division of 

viscous friction bet,~een motor and load, the damping coefficient of the 

system when operating as a unit, the amou.'"1t of energy dissipated as 

heat when contact is made between the gear teeth, and other phenomena 

which c~.not be predict~d. Since the system performance is affected 
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differently in the presence of backlash when a different set of variables 

is used, each system presents a new problem. 

In practice, knowledge of the performance of a system may be desir= 

able prior to the construction of a mock-up or simulation systemo In 

order to obviate the necessity of estimating the performance by labori-

ous and complicated analytical techniques, design charts are presented 

in this thesis from which the design engineer can predict the magnitude 

of maximum overshoot for any arbitrary second order servo with backlash. 

A qualitative analysis of the effect of backlash on the t~e of maximum 

overshoot and the settllllg time is also presented~ 
I 

Previous work has been done in this area at the Naval Postgraduate 

School by W. J. Lutkenhouse, (Ref. 1), and N. C. New, (Ref. 2). 

Lutkenhouse solved the problem by construction of the phase trajectory 

on the phase plane. New extended the work of Lutkenhouse by employing 

an automatic digital computer for the solution of the proble~, and was 

able to collect a large volume of data for use in the construction of 

design charts for predicting the size of limit cycles in the system. 

The work done by Lutkenhouse and New was limited to the existence 

and size of limit cycles in a system. This thesis extends that work 

to include transient behavior of load motion. The computer p~ogram 

written by New was utilized for the solution of a large number of 

problerr~, the data from which was subsequently analyzed and processed 

for the construction of design curves. 

3 



Chapter II 

BACKGROUND 

Prior to the development of high speed digital computers, it v!as 

necessary for the engineer to use long and laborious methods for 

analyzing the behavior of servomechanism systems containing non-linear 

elements. Previous investigation of methods used to analyze non-linear 

systems has resulted in several approaches. 

One of the most widely used method.s for analyzing the behavior of 

a non-linearity is the phase plane diagram. At present~ this method 

is limited to control systeffis represented by a second order differential 

equation in which the coefficients can be constants or functions of the 

dependent variable. The solution to this problem is one in which time 

is not expressed explicitly, but only the velocity and position of the 

dependent variable for each instant of time are showtt· F!'om Ref. 1, 

it can be noted how tedious, time consuming, and often inaccurate such 

a method is for obtaining the transient response of a second order 

servo with some non-linearity. 

Another method \'lid ely used in nc·n-linear problems is the use of 

describing functions. This method uses the concept of obtaining an 

"equivalent" transfer function. If a sinusoidal input of constant 

amplitude is applied to a non-linear system, the output will contain 

a number of harmonics of the input frequency. If the fundamental 

component o~ the output is asswned to be of the same frequency as the 

input, then an "equivalent" transfer function can be obtained which 

is the ratio of the fundamental component of the output to the sinusoi

dal wave input. Once this relationship of the output to the input 

of a non=linear system is obtained, it is then used in the same 
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manner as the transfer function in the linear systemo Since this 

method asswnes that the higher harmonics have negligible effect on t he 

system and that the frequency of the input is the same as the output, 

it is seen that it can only be used for a rough approximation i~ 

determining the amplitude and period of the output. This method :i,.s 

also disadvantageous because of the difficulty in the computations 

associated with the determination of the describing function for a 

wide range of amplitudes and frequencies. There is no simple method 

for evaluating the accuracy of a describing function and no good way 

to check the validity of solutions obtained with it. 

Hith t.he advent of the analogue computer, another method of 

calculating system transient performance was available. This method 

merely simulates the problem of the servo and its non-linearities to 

obtaL, the response of the systemo This method is of good value in 

the preliminary evaluation of the system behavior where accuracy is 

not too important. However, due to the inherent inaccuracies of the 

analogue computer this method does not give precise results. 

By utilizing the digital computer in the solution of non-linear 

servos>it i s possible to overcome many of the disadvantages inherent 

in the other methods. A non-linear system which can be described by 

a few accurate or approximate differential equations can be solved 

on a digital computer resulting in transient and steady state informa

tion. In this thesis a digital computer was used to solve many second 

order servo problems with backlash present. From the wealth of results 

obtained, the response of any arbitrary second order servq with back

lash may be predicted. It is believed that this procedure could be 

applied t o servos of higher order and with other 111on-linearities. 

5 



Chapter III 

DISCUSSION OF SYSTEH BEHAVIOR 

The system under investigation in this thesis is a simple second 

order position servo control having the motor coupled to the load through 

gear trains having backlash. The configuration of the system is illus

trated in block diagram form in figure 2. Position feedback is taken 

from the load shaft including the backlash within the feedback loop. 

vfuen backlash is outside the feedback loop, i.e., position feedback 

from the motor shaft, the system is stable and does not result in a 

limit cycle; hO\vever, it is subject to a residual steady state error 

in response to a step input which error may be as great as the magnitude 

of the backlash. When included in the feedback loop, backlash is de

stabilizing and the effect is dependent upon ~y variables. When a 

step position input is imposed on the system there is initially a period 

when the backlash is taken up, and the system performs as a linear sys= 

tern. If the linear system damping coefficient is less than the critical 

value, the error siL~al will eventually cause the motor shaft to reverse 

its direction of rotation. A separation between the motor and the load 

will occur in the cycle of motion whenever the deceleration of the motor 

becomes greater than that of the load. Hovv-ever, if the frictional 

forces on the load produce a deceleration greater than the maxim~~ de

celeration of the motor, the motor and the load will maintain ~ ontact 

during this period and become separated only when the motor velocity 

reverses. The precise instant at which motor and load separate depends 

upon the nature of the frictional forces acting and the division of 

inertia between the motor and load. When the gears do break contact, 

the load drifts and the system is no longer a closed loop system but is 
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driven open loop . Whenever the total amount of backlash is taken up 

and gear contact is made, the action which follows is very complex . 

The basic laws which govern the er.suing motion are the law of conserva-

tion of energy and the law of conservation of momentum. In this thesis 

the assumption is made that the contact is a plastic one ·with no gear 

bounce, and that energy is dissipated as heat due to the plastic contact. 

Thus only the law of conservation of momentum are appliedol Following 

the gear contact phase, the system is again combined, and the cycle of 

events begins again. 

The motion of the motor and load is illustrated in figures 3 and 4. 

Angular velocity versus angular position is plotted and the phase tra~ 

jectories f or both motor and load are shown for two conditions of inertia 

a~d friction ratios. In figure 3 it is noted that at point A, the sys= 

tem reacts to a step input of 1 radick, by moving in a trajectory in 

accordance wit h the differential equation for the linear system. At 

point B the gears which couple the motor to the load separate; the 

dotted trajectory from B to C' showing the path followed by the motor 

and the solid line from B to C showing the path of the drifting load. 

The gears separate whenever the velocity of the load exceeds that of 

the motor, which depends upon the inertia and friction distribution 

between motor and load. In this case the inertia of the motor is equal 

to the inertia of the load, but the load friction is much greater than 

the motor friction. For this reason the gears do not separate until the 

motor has sufficient error signal in the opposite direction t o cause the 

1A study is being carried on concurrently to include the cons erva= 
tion of enererJ and the elastic impact case by Lt. N. 0. Anderson and 
Lto To VI . Luckett at the U. S. Naval Postgraduate School. 
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motor to decelerate fast er than t he load . As the error si gnal (which 

is determined by the load position) increases, t he motor vel ocity 

decreases to zer o and begins accelerating i n t he opposi t e direction . 

Hhen the load and motor positio:1 s dif fer by an runou11t equal to the back~ 

l ash angle as shovm at point C and C t, the gears make contact and t he 

laH of momentum i s applied causing the motor and load to immediately 

assume the s ame vel ocity, t hat velocity being dependent upon the rela-

tive masses, or iner t i as , of t he motor and l oad. This new velocity is 
t 

shovm at point s D and D • The motor and load now both ~ove i n accord-

ancc vrith t he combined :notion equation but in the opposite direction 

c.nd separated b~r an arnount equal to the r.13.gnitude cf t he bacl{lash, as 

stmm f rom D' to E' and fror-t D to E. 

The same cycle of events occurs throughout the motion of t he systeo . 

The ef fect on the firs t overshoot is obser'red from this much of t he t r a= 

jectory . 

Figur8 4 shovJS the e:Lfe ~ t of backlash on E- system which has a load 

inertia greater than t he motor inertia ~1d a mot or f r i ct i on greater than 

the loar:l friction , with the s3..:1e backlash as in t he first e.:<ample. I t 

i s i:nporta...'1t to notice at point B that the gears separ ::,te earli er t han 

i n t he pr8vious exc1mple. Both the heavier load inert ia e..nd lighter load 

f r i ction contPibute to its slmver decel eration . As before, v: hen the 

motor and l oad are separated by the amount of the backlash the gears 

ill~ce contcct and the mot or and load as sume the s&~e velocity as shovm 

by point D and D~ . Note that t he combined vel ocit y is positive in 

this c<:Ls e because of t he high load momentum . Thus t he combined motion 

i s i n the posit i ve direction with the error signal causing the motor t o 

act as a brake on the system motion. 

10 
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These two cases serve to indicate the fact that every case uust be 

~tt~dled individually s:ince every combination of inertias and frictions 

cause ccnsid.:>rably different r·t~sults . 

Irl order to rnake the problem mathematically tractible, the follotrl= 

ing as~umptions have been made: 

1. Backlash is the only non-linearity present in the system. 

2. Backlash is present only in the gears coupling the motor to 

the load. 

3. The gear contact is plastic thus applying the lav.r of conserva= 

tion of momentun onlyo 

It is believed that the results obtained -vlith these asnumptions 

give a good appro;dmation of the effects of backlash on a second order 

servo system. 
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Chapter IV 

SOLUTION OF EQUATIONS OF HOTIO!J 

\·lhen operating as a combined system the servo motion can be 

described by the diffarential equation, 

(IV-1) 

When the load drifts free within the backlash region the load motion 

follows the differential equation, 

(IV-2) 

and the equation for the motion of the motor is, 

(IV-.3) 

The characteristics of the second order servo with backlash is 

independent of the undamped natural frequency. The proof is develop= 

ed in Ref. 2. Therefore, all of the problems solved and used for the 

construction of the design charts are based on an undamped natural fre= 

quency of one radian per second. The input for all problems was a step 

input of one radian. Thus equation (1) becomes, 

I 

Q. + 2ftQ_ +<Q_ =I 

The differential equations IV-11, IV-2, and IV-3, for the second 

order servo with backlash were solved on the Control Data Corporation 

Model 1604 Computer. The program used was based on the Runge-Kutta Gill 

numerical integration method of solving differential equations. A com-

plete description of the program and an explanation of the solution are 

given in Ref o 2o The program is included in Appendix C. By merely insert= 

13 



ing into specific memory locations the system parameters for the problem 

to be solved, the solution could be obtained for any desired second ord~r 

servoo 

A study of the describing differential equations reveals that there 

are five system parameters which are independent. These are ~H' FM' JL' 

FL' and b. To facilitate the graphing of the results, ratios of 

JL and 
F.,. 

were selectedj and from these selected ratios discrete L 

JM F total 

values of the parameters JL' FL' JH' and FH' were calculated fo:- use in 

the computer solution. 

The syste~ damping coefficient is determined by the relationship, 

2f-

Taking JT = JM = 1 sirr~lified calculations, but did not 

destroy the generality. The syste~ problem was solved for all combina= 

tions of the follmring ranges of inertia and friction ratios and damping 

coefficient: 

1/50, 1/9, 1/4, 1, 4, 9, and 90 

~ 0.1, 0.2, Oo4, 0.6, O.B, 1.0 

f = 0.1, 0.2, OoJ, 0.4, Oo5, 0.6, 0.8, 1.0 

The manner in which the results are presented in the final design 

charts pennits interpolation through the practical rru1ge of system 

parameters o 

The amount of backlash, A , used in the majority of the problems 

was Oo3 radi&~ and it was a purpose of this thesis to determine the 

14 



effect of other magnitudes of backlash. At the outset several problems 

were solved varying the amount of backlash while holding the other para= 

meters at constant valuesv Figures 5-7 are plots of the results of these 

solutionsv Two items of significant interest were noted from these re-

sultso Firot, the amplitude of maximum overshoot varies linearly with 

the magnitude of the backlash angle. This fact is significant since it 

permitt ed the use of a constant backlash angle in the solution of the 

problems, yet, in effect, produced results for any runount of backlash. 

Secondly, the amplitude of maximum overshoot at zero backlash angle 

agrees with that obtained by the analytical solution of the second 

order linear system. This agreement is taken as a verification of the 

accuracy of the computer solutions. 

v 
\ 
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Chapter V 

DISCUSSION OF RESPONSE CHARACTERISTICS 

A. MaximUII! Overshoot for ~ Plastic Impact Case. 

After numerous data had been accumulated, several schemes of pre

senting the information were attempted to find an optimum method for 

use. One such attempt is shown in figure 8 which is a plot of maximum 

overshoot versus the ratio of load friction to the total friction at a 

constant damping coefficient. This method was found to have serious 

disadvantages. Because of appreciable crossing of the lines of con

stant inertia r atio, it was found difficult to interpolate throughout 

the desired range of inertia ratios. Also there was generally a small 

variation of maximum overshoot with friction ratios. 

Another method which \'tas attempted was a plot of maximum over= 

shoot versus damping coefficient at constant friction and inertia 

ratios. These curves showed the effect of various inertia and fric~ 

tion ratios in a system with backlash on the linear system curve of 

overshoot versus da~ping coefficient (figure 9), but was found diffi

cult to use . The number of curves needed to present the data would 

have been excessive . Also interpolation throughout the desired range 

of inertia ratios vmuld have been extremely difficult. 

The curves of figures 10 through 15, which are plots of maximum 

overshoot versus J~JM' were found to be the most desirable method of 

presenting the data . None of the disadvantages apparent in the other 

methods is present here. From these six charts an accurate prediction 

of the maximum overshoot can be made for any arbitrar y second order 

servo system \dth backlash using the following equation: 
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M t\ + p 6:=·0 

f'= "' l H t I -p A= .3 
-f:; 1; 

Mpt \A= OJ (V-1) 
f=J, 

The use of these charts in predicting system response is explained and 
·~ ~ 

illustrated in Appendix Ao \ \ .. , 

As was pointed out earlier, the solutions were made and thl~ ~esults 
were plotted using a backlash angle of 0.3 radiano Thus the values of 

amplitude of maximum overshoot on the curves are significant only in that 

they represent the slope of the overshoot versus backlash straight line~o 

This slope must be calculated in order t o scale the value of overshoot 

r•=:ad from the curve for the maenitude of backlash actually expected. 

Therefore» in order to refine the prediction schent~other design curves, 

figures 16 through 211 were calculated using the curves of figures 10 

through 15 just discussed e 

calculated byJ> 

dH Along the curves the slope ~ 
d6 

dN t [! t \ M J ~ ,.,. .3 
d A lt::j, p ~=.3 pt \A=-0 -. 

f.:.~ 1=f, 

'.Vas 

(V-2) 

These values of dN t/dA 1-rere then plotted versus inertia r atios at 
p .. 

con~tant friction ratios as before . These curves give a more straight= 

forv-rard predict ion method 1·rith the follo·vdng equat i ong 

+ X 
(V=J) 

The use of ~hese design charts is explained and illustrated in Appendix A 

along v.rith the fermer nethod. 

Fit;nre 23 shows a graphical presentation of the transient response 

of the system containing various parameters o A comparison of curves (.3) 

and (4) read.ily ~hows the effect of backlash on the maximum. overshoot 

with ether paraJ'1eters remaining constant. A cOI:::.p.J.rison of curves (1) 

22 



md (4) 3:.o..:> ~ . he effect of varying the damping ratio of t he sys t em with 
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Bo ~~~ Overshoot fo~ the Elastic Impact Caseo 

Ol.!E- of the assumptions made in the beginning of this study was 

that th·P: ("ontact of the gear teeth is plastic with no bouncing of the 

gearso S:rnce this study was begun!~ an investigation has been completed 

at the V" So Po.5tgraduate School which considers the backlash case with 

vary-" .. 1.ng amounts of resilience in the gear teeth. This investigation.!! 

carried on by To Wo Luckett$' and No Oo Anderson has produced some result~ 

bearing o"1 ma.ximum over-shoot which will be included hereo The informa= 

tion~ whil~ not. included as part of their study~ was available from th~ 

data tak~m f:vm the comr.-~uter solution of their problemo 

The an3.lysis of this data revealed a surprising effect of gear 

bow~e (~u tne maxiru'....'lD. overshoot of the systemo The amount of over= 

shoot wi:h pla~tt,. irr.pB.•:t is always greater than that with elastic 

impa~tc The d.ifferen<:'e between this maximum overshoot decreases as 

F /~ L' ~ total 1..ncr-sa:s es o However9 under no circumstances was the effect 

on rrlt3Jr..imurr: overshoot greater than oOl radianso The effect on the 

time of rn.a....( _mul!'l overshoot appears negligible. In a few cases the tim~ 

was diff-er<?.:r-'1: for th~ plastic: and the elastic cases but the difference 

was very srrall and no pattern of difference could be ascertained . 

Thest> res1J.ts point. out the validity of the original assumption 

made for thiJ ~tudyo In a practical system there will exist 3 of 

course.i' so~.:" amou.:tt of gear bounce vrhen the gears contact e.a.ch other· o 

The eff'='-:t cr. l'I'.a.ximu:rn, oyershcd:. » hmvever, is so small that the curves 

•cbtai:.sed. m this study :remain rE:asonably accurate. 
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1 o Set tl iJ:g !!~~ 

lr! deterr.ining the effect of backlash on the settling time of a 

second urd5r sBr7o sy~tem$1 it was necessary to first find a definition 

for set t."l.ing t.ime. which would be suitable for all of the cases whict.t 

·,1·:ne investigat.a:.-d, Normally 9 settling time is defined a.s the tilne for 

the out:put t0 reach 98% ,)f its final value. This definition has real 

meaning,~~ !'"!oljo;ever.~~ only for linea.r stable systems in which there are no 

eur:ta.inc:d .:·sci 1:ations o Fo:r systems which do exibit small sustained 

oscillation.=)~ the settl1.ng time is sometimes defined as the time 

r-equi!"ed for the amplitude of oscillations to decrease to within 2% 

of the final valueo For very srr.all amplitudes of oscillations thi.s 

definition gives a.t'1 unrealistic value for settling time. For the 

pur·p·:::,s.:.; of tr.is study settling time is considered as the time reqtrlred 

for the sys:C.::::m output to settle to 98% of the difference between the 

magnitude of the input 9lld the amplitude of the sustained oscillations 

as sho1r1n in the sketch below. 

---"1 
. 98~ ----

TIME (SECONDS) 

37 



For all cases for which the damping coefficient was less than 0.6 

there were no conclusions as to effects of backlash on the system 

settling time since the magnitudes of the sustained oscillations were 

always quite large for the amount of backlash used in the solutions and 

the settling time was difficult to obtain accurately. For those cases 

for which the damping coefficient was greater than 0.6, the sustained 

oscillations v.rere small if they existed and an analysis revealed the 

following general conclusionsg 

lo As the size of the backlash angle increases, the settling tim~ 

will increase provided the other pararrteters are kept constant. For t he 

cases investigated» this increase in settling time was nearly proport ion= 

al to the backlash angle. 

2o As the ratio J1/JM increases, with other parameters constant » 

t he settling time increases. 

3o At the ratio F1/Ftotalis increased, with other parameters 

constant~ the settling time decreases. 

The data included in Tables I-III show these general conclusions 

and also some quantitative effects of backlash on settling timeo 
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TABLE I 

SETTLING TD1E DATA 

JL FL Radians Seconds 

f lr '/F ~ 
t 

ll.iM total s 

. 6 1/9 e2 .3 28 

. 6 l/9 e4 .3 21 

.6 1/9 o6 .3 16 

.6 l/9 .8 .3 13 

. 6 1/9 1.0 .3 7 

.6 1/4 .2 .3 28 

.6 1/4 e4 .3 24 

.6 1/4 .6 .3 16 

. 6 " '4 o8 ") 14 .,J../ o..l 

. 6 1/4 1 .. 0 .J 9 

.6 1 .2 .3 29 

.6 1 .4 .3 28 

. 6 1 .. 6 .3 23 

. 6 1 .8 .3 17 

.6 1 1.0 .3 10 

.6 4 .2 .3 29 

.6 4 .4 .3 28 

.6 4 .6 .3 26 

. 6 4 .a .. 3 23 

. 6 4 1.0 .3 10 

.6 9 ') .3 29 , .... 

.6 9 .4 .3 29 

. 6 9 .. 6 .3 26 

.6 9 .8 .3 23 

. 6 9 leO .3 10 
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TABLE II 

SEI'TLING 'TDIE DATA 

f 
JL FL Radians Seconds 

I fp 6 t 
JN total s 

Q6 1/9 .s .03 5 
.. 6 1/9 .8 olO 7 
o6 1/9 .8 .15 8 

.. 6 1/9 .8 o30 lJ 

.. 6 1 .. 8 .. 03 11 

. 6 "'\1 o8 .10 14 .J., 

.6 ., 
o8 .15 16 l. 

.. 6 1 o8 o30 1? 

.. 6 4 o8 0" 0 .,1 12 

.,6 4 .. s .. 10 14 

. 6 4 o8 ol5 17 
I' 4 o8 .30 23 oC 

. 6 9 .s oOJ 13 

.6 9 .8 .10 16 

. 6 9 oS ol5 18 

. 6 9 ~ .:;o 2.3 ~v 
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TABLE III 

SETTLING TJllli DATA 

JL FL Radians Seconds 

J /J IF + 
6 

... 
M total s 

.a 1/9 .2 .,3 a 

.a 1/9 .4 ') 
,..) 7 

. 8 1/9 .6 o3 6 

o8 1/9 .a o3 5 
.a 1/9 1.0 oJ 5 

.a 1/4 .2 ,a 20 

o8 1/4 o4 o3 9 
o8 1/4 .6 o3 7 

oa 1/4 .8 o3 6 

.8 1/4 1.0 .J 5 

.a 1 .2 .3 43 

.8 1 .4 .3 31 

.8 1 .6 .3 10 

o8 1 .. a oJ a 

oa 1 1.0 .,J 6 

oa 4 o2 ., J 48 

.8 4 .. 4 o3 36 

oa 4 o6 .J 12 

.8 4 oa .3 9 

.8 4 1.0 .3 6 

oa 9 .2 .3 52 

.a 9 o4 o3 43 

.B 9 . 6 o.3 13 

oa 9 .a o3 9 

.. a 9 1.0 o3 6 
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2. Time of Haximum Overshoot 

For each of the cases investigated the time of maximum overshoot 

(peak time) was recorded from the printout of the solution. It was 

found that the presence of backlash causes a slight increase in the 

peak time over the linear system for those cases where Jf >.53 and 

has negligible effect in those where f< .5 • When FJFtotal is 

increased from zero to 0.5, other parameters constant and :f ~ .5, 

pea~ time increases slightly and remains essentially constant for 

FL/F total ) o 5 As JJJ
11 

is increased, other parameters constant 

and j > . 5, peak time is decreased. 
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D. Other Svstem Characteristics. 

A careful study of the results as plotted in figures 10-15 reveals 

some interesting phenomena. At all friction ratios it is observed that 

as the ratio of load inertia to motor inertia is made srr~ller the ampli

tude of t he overshoot is less. There is a point \'Vhere the ove:' shoot is 

ident ical to that of a linear second order systemS~ in other words, where 

backlash has no effect on the overshoot. Note that this point occurs 

ut different i nertia ratios for each value of damping ratio. Also this 

point varies depending on the value of friction ratio.. If the inertia 

ratio is decreased beyond this point then the wnplitude of overshoot 

remains constant at the value of the linear case.. Figure 22 is a plot 

of the boundaries of the combinations of variables which will cause an 

effect on the amplitude of overshoot if the system has any appreciable 

~~ount of backlash. The coordinates are friction ratio and inertia 

ratio vri. th the boundaries labeled ltvi th values of damping ratio. Areas 

to the right of a boundary are combinations of the variables which 

affect overshoot. These curves were plotted using information deducted 

from figures 10-15.. Three points were selected as test points to prove 

the validity of the bounrta.ries as plot t ed. These points are shown on 

the figure as points "A" , "B", and 11 C11 .. The system parameters used at 

the test points Here: 

Point A Point B Point c 

:1 = 0.8 f = 0.6 f ... 0.3 

FL/Ftotal = o.e FL/Ftotal 
::: 0 .. 6 FJFtotal = Oo4 

1.0 = 0.111 
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The system was solved 0:1 the digital co!ltputer to obtain the maxinuJn 

overshoot for these three sets o.r para.m.eters. Accordi:1g to the curves 

poi:1t A falls to the left of the boundary of the J = .8 area. 

Therefore , the overshvot should be the sa'Tle as that of the linear case. 

The computer solution gave an O'rershoot of 1.019, which is, in fact , 

identical to that of t he l :i.near case as seen in fleure 9o Similarly, 

point B falls to the right of the f = 0.6 boundary and in t~1e a.rGa 

where the ar • .lpli tude of overshoot should not be the same as for the 

linec1r case. 'I'he computer solution gave a maximum overshoot of 1.110 

l'lhich is slightly greater than the linear case . Point C falls to the 

right of the f= Oe3 boundary and in the area where the amplitude of 

overshoot should be different froQ that of the linear system. The 

computer solution gave a maximum overshoot of 1.41 while that of the 

linear system is l .J72. From these boundary curves one cannot deter-

m.i :1e the exact effect of backlash on the max:irnum overshoot o.f a system, 

but can det ermine in 1trhich syst ems bucklash will cause an appreciable 

effect. 

Another phenomena \<vhich is revealed ir: the results as plotted in 

figures 10-15 is t hat for all cases the greatest maxim~~ overshoot 

ed. Hov.-ever, it appears that since the curves are trending u;>wards at 

the high end of the J1/JH axis that at very large inertia ratios the 

overshoot v.rould be greater. It is felt that these large L"'lertia ratios 

are outside the practical range. An attempt \vas made to explain these 

phenomena but without success . It is o:ten veF~ Ji~ficult, if not 

impossible>to find a physical expla.."'lation for c~rtain behavior eaused 

by non-linear·ities . They can merely be pointed out from a."lalyses of 



experimental information and accounted l'or accordingly. 

It is interesting to note that when the ratio of load fric tion to 

motor friction i s below 0.4, as in figures 10 and 11, there is a possi

bilit~r of an overshoot for the critically damped case, i.e. f = 1.0, 

depending on the inertia ratio. At first glance one would reason that 

if the system is critically damped there should be no overshoot. How

ever, it can be seen that if the frictior. ratio is small and the inertia 

r atio is laree then the ratio of FL/J1, which is the slope of the drift

ing load trajectory, is Inade small. Therefore, when the load separates 

from the motor, its velocity remains fairly constant at a relatively 

high value and its mooentum carries it over the input to cause an 

overshoot. 
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Chapter VI 

CONCLUSIONS 

The following is a summary of facts which can be concluded from the 

results of this investigation: 

1. The runplitude of ma...'"dmum overshoot in a second order servo sys-

te~ 11ith backlash bears a linear relationship with the magnitude of the 

backlash angle. The slope of the straight line relating overshoot to 

the backlash angle varies deyending on the division of inertia between 

mot or and loacl, the division of friction between motor and load, and the 

system da.'1lping coefficient. The design charts included in this thesis, 

drawn from the results of many solutions of the equations of the motion 

of the system and based on a backlash angle of 0 .. 3 radian» can be used 

to predict. the amount of overshoot of a particular servo system. 

2. The fact that the gear teeth have a certain amount of resilience 

and t he contact i s not pl astic, has negligible effect on the results ob~ 

tained in this study. 

3. The primary effect of backlash on the settling tirr.e of a second 

order servo is to increase it, the increase being proportional to the 

magnitude of the backlash angle. Due to the presence of limit cycles 

of sizable magnitudes for systf.;rns ~vith f < .6, settling time for those 

systems vms difficult to define and''no conclusions were reached.. For 

those s;tstems with j /' . 6: (a) Increasing F 1/F total decreases settling 

ti.me, (b) Increasing J
1
/JE increases settling tirue, (c) Increasing the 

damping coefficient increases settling time, and (d) Increasing back= 

lash increases settling time. 

h. The presence of b~cklash in a system causes a slight increase 

in the tir..1e of maximum overshoot (peak time) for those systems wheref>•5:; 
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and has negligible effect in those where j < o 5 ~ When F JF tot al is 

increased from zero to 0.5, other parameters constant and j) o5 .» 

pea~ time increases slightly and remains essentially consta~t for 

FL/Ftotal > .5. As JJJM is increased, other parameters constant and 

JF )> .5, peak time is decreased. 

5. Hith certain combinations of parameters pr esent in a system, 

backlash effects no change in the amplitude of overshoot over that of 

the linear system. Regions of these combinations are presented in chart 

form in figure 22. 

6. For all friction ratios and diDnping coefficients the greatest 

rraximum overshoot, when backlash is present, occurs in the range 

0.1 < J1/JH < 10. 0 fo:- the range of J1/JH investigated. 

7. In systems vlhere F1/F total < .h, when backlash is present, 

there will be an o·:ershoot even for critically damped systems if Jr/ JH 

is high enough. 
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APPENDIX A 

USE OF DESIGN CHARTS 

In order to demonstrate the procedure for using the design charts 

sho~m in figures 10-21, an example problem is solved obtaining the 

maximum overshoot, Hpt' for a second order servo with backlasho From 

Ref. 2, the differential equation for the combined motion of an armature 

controlled motor is: 

e + 

Given the following specifications of a. D. Co shunt motor coupled 

through a gear box to a load: 

Horsepower 

Rated RPM 

R 

F m 

K e 

= .008 

= 4000 

= 282 ohms 

= .233 volts/radian/second 

= .1464 lb.=feet/ampere 

-6 2 = 8.2 X 10 slug-feet 

= 3.34 X 10-6 lb.-feet/radian/seco 

= 10 volts/radian 

= l 

= .05 

= 16.4 X 10-6 slug~feet2 

= 10.4 X l0-6 lb.-feet/radian/seco 
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The required values shol'm in Equation A~l are 

K a 

J = 
M 

F = 1 

f = 

~ K~ 
;oR 

~ 
;D2 

!::;*# 
? .zR 

~+F; 

J;.,T~ 

.1464 X /0 - -
(!)XL/ 2 

tf.2 X 10-6 

=- -
(1)..2 

-6 
10.4 X/0 -1-

-6 
= -/3,74 X /0 

• 1464 X ·233 
(1) 2 X 21.2 

(2~n) = .19 

16.4 A-' /0-~ 

tf.2 X /0- 6 = 2.0 

FL/Ftotal = 
10.4 A- I0- 6 

/.,3~- X /0- 6 = . 077 

= 

obtained as followsg 

0052 LB-FT 

12 SLUC,- ..CT 

/35 X /0-6 L8-,C"T 

RA%~:c 

/~1 A' /0-
6 .t..8·.CT 

RAD/f"£c 

Two methods are shown for obtaining the maximum overshoot with a 

backlash angle of .05 radians in the gear trains. 

The first method is accomplished using the curves of figures 10=15. 

The procedure is simple, but r€quires more steps than does the secondo 

Also one must remember that these curves are drawn for a backlash of 

0.3 radian and must be scaled for the expected amount of backlash. The 

second method makes use of the design charts of figures 16~21. 
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Nethod 1 ---
Enter ing figure 10, (F1/ Ft otal = Ool), at JtfJM = 2oO, and a damp= 

ing ratio, f = 0.19, the amount of overshoot for a backlash angle ~ ~ ~ 

0.3 rad. is Mpt = 1.658. 

Using Equation V-1 

Mpt 

l~=.os :f= .19 

Mt + 
p 1.6=-0 

1=.19 

From the second order linear characteristics curve of figure 9 

hence , 

Method 2 

Mpt = 1.545 + .05/.3 

= 1.545 + .0189 

=~ 

1.658 ~ 1. 545 

UsL~g Equation V-3 

H N + dNpt/d A I X 6 
pt l.c.=.05 pt 1~-=0 .P 19 

:f= • 19 f :: . 19 ..) :: . 

from figure 16, (F1/Ftota1 = 0.1) , at JtfJN = 2.0, and a damping r atio} 

= 0.19, we obtain 

Fr om figure 9 

M = 1.545 
pt\A-=0 

"!'= .19 

hence, 

~t 1. 545 + .357 X .05 

= 1.545 + .018 

= 1.563 

Thi s compares closely t o t he a~swer obtained using Method l o 
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The procedure for using the charts remains unchan8~d for servo 

systems Hhich utilize other types of motors. The only difference which 

arises is in the calculation of the chart parameters f rom the knmm 

system constantse For a field control motor if the field time consta..'1t 

is negligible, the equation is similar to t he armature control motor 

equation. 

+ f)- (A-2) 

I n like manner the equation for the system \'lith a two phase motor is 

e + 

where 

K = ar 
n -On {fpom characteristic curves of two phase motor) 

K = oT 
m Z>e, 

(from characteristic curves of t".tm phase motor) 

The calculation of the chart paraJnett~rs is a simple matter once the 

defining equations are knmm. 
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APPENDIX B 

CONFUTER PROGRA!-1 

RD1 BACKUSH PROBLEH PLASTIC 
CONTACT RUN 3 

ORG 20000 
20000 75 4 20022 START SLJ ,., llJPUT 1 REHARKS IN THIS 

00 0 00000 0 0 0 COLUHN 
20001 75 4 20063 COMBINED SLJ 4 RESET 

00 0 00000 0 0 0 
20002 75 4 60200 SLJ L• RUNGE SET UP GILL 

50 0 00000 ENI 0 0 (Procedure to sol ve 
20003 00 0 20023 0 0 TABLE l differential 

00 0 20034 0 0 DERC equations) 
200(.1~ 75 4 60201 POINTC sw 4 RUNGE+ l 

00 0 00000 0 0 0 
20005 75 4 60200 LOAD l SLJ 4 RUNGE SE'I' UP GILL 

50 0 00000 ENI 0 0 
20006 00 0 20040 0 0 TABlE L 

00 0 20051 0 0 DERL 
20007 75 4 60201 POINTL SLJ 4 RUNGE + l 

00 0 00000 0 0 0 
20010 75 4 20130 SLJ 4 COill!T 

50 0 00000 ENI 0 0 
20011 75 0 20061 SLJ 0 TEST 1 

50 0 00000 ENI 0 0 
20012 75 4 60200 HOT OR SLJ 4 RUNGE SET UP GILL 

50 0 00000 ENI 0 0 
20013 00 0 20023 0 0 TABLE 1 

00 0 20054 0 0 DERM 
20014 75 4 60201 POINTI1 SLJ 4 RUNGE + 1 

00 0 00000 0 0 0 
20015 75 4 60200 LOAD2 SLJ 4 Rill~GE SET UP GILL 

50 0 00000 ElU 0 0 
20016 00 0 20040 0 0 TABLE L 

00 0 20051 0 0 DERL 
20017 75 4 60201 POINT2L SLJ 4 RUNGE+ 1 

ooc 0 00000 0 0 0 
2CIO~O 75 4 20130 SLJ 4 CotJNT 

50 !) 00000 ENI 0 0 
20021 75 0 20073 SLJ 0 TEST 2 

00 0 00000 0 (\ () 

20022 75 0 00000 INPUTl SLJ 0 0 Provis ion fo r chang-
75 0 20022 SLJ 0 INPUTl i ng Progra1n i f desired 

20023 00 0 00000 T.;.BLEl DEC 2 ~able f or gil l comb1n= 
00 0 00002 

eu 

20024 17 7 15075 DEC .01 
34 1 21727 

20025 00 0 00000 T DEC 0 
00 0 00000 
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20026 00 0 00000 UDO'I' DEC 0 
00 0 00000 

20027 00 0 00000 u DEC 0 
00 0 00000 

20030 00 0 00000 QU DEC 0 
00 0 00000 

20031 00 0 00000 THETADOT DEC 0 
00 0 00000 

20032 00 0 00000 THETA DEC 0 
Qil 0 00000 

20033 00 0 00000 QTHETA DEC 0 
00 0 00000 

20034 13 0 20156 DERC LAC 0 B Der ivative for com= 
32 0 20027 FHU 0 u bi ned 

20035 31 0 20032 FSB 0 THETA 
30 0 2016h FAD 0 ONE 

20036 20 0 20026 STA 0 UDOT 
12 0 20C27 LDA 0 u 

20037 20 0 20031 STA 0 THETADOT 
75 0 60202 SLJ 0 RUNGE + 2 

20040 00 0 00000 TABLEL DEC 2 Table f or gill load 
00 0 00002 

20041 17 7 15075 DEC oOl 
34 1 21727 

20042 00 0 00000 TL DEC 0 
00 0 00000 

20043 00 0 00000 lJJDOT DEC 0 
00 0 00000 

2.0044 00 0 00000 'i'l DEC 0 
00 0 08000 

20045 00 0 00000 ~\</ DEC 0 
00 0 00000 

20046 00 0 00000 THETALD DEC 0 
00 0 00000 

20047 00 0 00000 THETAL DEC 0 
00 0 00000 

20050 00 0 00000 QTHETAL DEC 0 
00 0 00000 

20051 13 0 20157 DElli. LAC 0 D Deri vat i ve for load 
32 0 20044 FNU 0 1•1 

20052 20 0 20043 STA 0 lrffiOT 
12 0 20044 LDA 0 vi 

20053 20 0 20046 STA 0 THETALD 
75 0 60202 SLJ 0 alJNGE + 2 

20054 13 0 20161 DERN LAC 0 F Derivative f or me to:-· 
32 0 20027 FHU 0 u 

200 55 31 0 20047 FSB 0 THETAL 
30 0 20164 FAD 0 ONE 

20056 33 0 20160 FDV 0 E 
20 0 20026 STA 0 UDOT 

20057 12 0 20027 LDA 0 u 
20 0 20031 STA 0 THETADai' 
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20060 75 0 60202 SLJ 0 IWN:J.E + 2 
50 0 00000 ENI 0 0 

20061 12 0 2001,.6 TEST1 LDA 0 THETHALD Test to determine 
31 0 20031 FSB 0 THET;~DOT Start c~ backlash 

20062 22 2 20012 JUMF1 AJP 2 NOT OR 
75 0 20001 SLJ 0 C01'1BINED 

20063 75 0 00000 HESET SLJ 0 0 
12 0 ~0025 LDA 0 T Changes load initial 

20064 20 0 2001~2 STA 0 TL conditions back to 
12 0 20026 LDA 0 UDOT mote~ initial con-

20065 20 0 20043 STA 0 liDOT dit~ons if separa-
12 0 20027 LDA 0 u tion has not occurr= 

20066 20 0 20044 STA 0 1;-J ed 

12 0 200.31 LDA 0 Tl!ZTADOT 
20067 20 0 20046 5TA 0 THETALD 

12 0 20032 LDA 0 THETA 
20070 20 0 20047 STA 0 THETAL 

10 0 00000 EiJA 0 0 
20071 20 0 20045 STA 0 QW 

20 0 20050 STA 0 QTHETAL 
2'J072 75 0 20063 SLJ 0 RESET 

50 0 00000 EN! c 0 
2007'3 12 0 20047 TEST2 LD.'\ 0 THETAL Test to determin~ i f 

31 0 20032 FSB 0 THETA backlash has be ·n 
2007/t 31 0 20166 BKTEST2 FSB 0 BACKLASH taker. up 

50 0 00000 run 0 0 
20075 22 2 20137 JUJ-2 AJF 2 CO}ITACT 

75 0 20012 SLJ 0 NOTOR 
20076 36 0 20117 s:·~'TTCH SSK 0 ALTEJlNAT Plan for changing 

75 0 20100 SLJ 0 LEFT sign of back1~sh 
20077 75 0 20107 SLJ 0 RIGHT each cycle 

50 0 00000 ENI 0 0 
20100 12 0 20062 LEFT LDA 0 JUMP 1 

14 0 20116 ADD 0 FACTOR 
20101 20 0 20062 STA 0 JUNP 1 

.;..2 0 20075 LDA 0 JU}:P 2 
20102 14 0 20116 ADD 0 FACTOR 

20 0 20075 STA 0 JUMP 2 
20103 12 0 20074 LDA 0 BKTEST2 

15 0 20172 SUB 0 FACTOR.2 
20104 20 0 20074 STA 0 BKTEST2 

12 0 20117 I.DA 0 ALTEIU~AT 

20185 05 0 00001 1U.S 0 1 
20 0 20ll7 STA 0 ALTERNAT 

20106 75 0 20001 SLJ 0 COHBINED 
50 0 00000 ENI c 0 

20107 12 0 20062 ::nmrr iDA 0 JUMPl 
15 0 20116 SUB 0 FACTOR 

20110 20 0 20062 STA 0 JUNPl 
12 0 20075 LDA 0 JUNP2 

20111 15 0 20116 SlJB 0 FACTOR 
2C· 0 20)75 STA 0 JUNP2 

20112 12 0 20074 LDA 0 BKTEST2 
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14 0 20172 ADD 0 F.h.CTCR2 
20113 20 0 20074 STA 0 BY.TEST2 

12 0 20117 LJA 0 Ji~T:s.t:V .. T 
20114 05 0 00001 ALS 0 1 

20 0 20117 STA 0 ALTERN AT 
20115 '75 0 20001 SLJ 0 COHB:-NED 

50 0 00000 ENI 0 0 
20116 00 1 00000 FACTOR OCT 00100~0000000000 

00 0 00000 
20117 25 2 52525 ALTERN AT OCT 2525252525252525 

25 2 52525 
20120 75 0 00000 PH.IlJT SLJ 0 0 Print routine 

12 0 20025 WA 0 ,.,., 
..L 

20121 20 0 20252 STA 0 BUF 
12 0 20027 LDA 0 u Eotor speed 

20122 20 0 20253 STA 0 BUF + 1 
12 0 20032 LDA 0 THETA Hotor position 

20123 20 0 20254 STA 0 BUF + 2 
12 0 20044 LDA 0 Vf Load speed 

20124 20 0 20255 STA 0 BUF + 3 
12 0 20047 LDA 0 THETAL Load position 

20125 20 0 20256 STA 0 Buf + 4 
75 4 71000 SLJ 4 DECO 

20126 01 0 .20252 01 0 BUF 
06 0 00001 06 0 1 

20127 72 0 20126 RAO 0 1-1 
I 

75 0 20120 SLJ 0 PRINT 
20130 75 0 00000 COUNT SLJ 0 0 

12 0 20170 LDA 0 INDEX Plan for printing 
20131 14 0 20171 ADD 0 DJCRONE only every tent!:-. 

15 0 20173 SUB 0 TEN point at .08 sec 
20132 22 0 20134 AJP 0 CK2PRINT i1 terval 

14 0 20173 ADD 0 TEN 
20133 20 0 20170 STA 0 L"JDEX 

75 0 20130 SLJ 0 COUNT 
20134 75 4 20120 OK2PRlliT SLJ 4 PRINT 

50 0 00000 ENI 0 0 
20135 10 0 00000 ENA 0 0 

20 0 20170 STA 0 INDEX 
20136 75 0 20130 SLJ 0 COUNT 

50 0 00000 ENI 0 0 
20137 12 0 20162 CONTACT LDA 0 G Apply law of 

32 0 20027 nm 0 u momentum 
20140 20 0 20165 STA 0 GU 

12 0 20163 LDA 0 H 
20141 32 0 20044 Ff.ill 0 \'l 

30 0 20165 FAD 0 GU 
20142 20 0 20031 S'rA 0 THETADOT Puts resulting v:.~l ue.s 

20 0 20027 STA 0 u of v~riables in 
20143 20 0 20044 STA 0 ltl Table 1 and L 

20 0 20046 STA 0 THETALD 
20144 13 0 20156 LAC 0 B 

32 0 20027 FNU 0 u 

59 



28145 31 0 20032 FSB 0 Tl·lETA 
30 0 20161+ FAD 0 ONE 

20146 20 0 20026 STA 0 unar 
13 0 20157 LAC 0 D 

20lh'1 32 0 20044 FI-m 0 w 
20 0 20043 STA 0 ~ lDOT 

20150 12 0 20047 IDA 0 THETAL 
20 0 20032 STA 0 THETA 

20151 10 0 00000 E?J ;L 0 0 
20 0 20030 STA 0 QU 

20151 20 0 20033 STA 0 QTHETA 
20 0 20045 STA 0 Q'vl 

20153 20 0 20050 STA 0 QTHETAL 
75 4 20120 SLJ 4 PRDJT 

20154 50 0 00000 ENI 0 0 
75 0 20076 SLJ 0 Slv1:TCH 

20155 50 0 00000 ENI 0 ' ,, 
50 0 00000 

20156 17 '7 66314 B DEC ~ 4 B equals twice the 
63 l 46314 darnpL~g coefficient 

20157 17 7 54000 D DEC .125 D equals the load 
00 0 00000 time constant 

20160 17 7 56314 E DEC ? E equals ~otor iner~ ~ -

63 1 46314 tia 
20161 17 7 64631 F DEC .J F equals motor fr ic= 

46 3 14631 tion 
20162 17 7 56314 G DEC . 2 G equals motor iner -

63 1 46314 tia 
20163 20 0 06314 H DEC .s H equals load iner-

63 1 46314 tia 
20164 20 0 14000 ONE DEC lo I:1teger 

00 0 00000 
'":0165 00 0 00000 GU DEC 0 Constant initially 

00 0 00000 zero 
20166 1? 7 64631 BACKLASH DEC .3 Amount of backlash 

46 3 14631 
20167 Ol 0 00000 FACTOR2 OCT 0100000000000000 

00 0 00000 
20170 00 0 00000 DJDEX OCT 0 

00 0 00000 
20171 00 0 00000 TIJCRONE OCT 1 Used in count 

00 0 00001 
20172 00 0 00000 BLANK OCT 0 

cc 0 00000 
20173 00 0 00000 TEN OCT 10 Used in count 

00 0 00010 
20174 17 7 15075 1 DEC ~ 01 I3·~gi.--ming of f loa t..= 

34 l 21727 ing point conver 
sion t able 



thesA52 

Effects on maximum overshoot and settlin 

~~~~m~~~~~~~i~~~~~~~~~~~~~~~~~~ 


